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1. CHARACTERISTIC DIFFERENTTIAL. EQUATIONS

The differential equations for the rotaticnally symmetric potential
flows read

_ul _. o uy, _ve Pr _
( = Pz 2;§¢rz+ ;Eq)r,l""?—o (1)

1f one starts from the veloclty potential ¢, and

1f one uses the stream function ¥ (see chapter I, equations (21)
and (19)). Therein the velocity component in z direction is

1
u=g = (1-6%) *-1ly (3a)
the velocity component in r-direction
| o Lo
V=CPr='(l‘9.) K-l;*z (3p)

* 'R otationssymmetrische Potentialstrdmmgen” (Kapitel IV),
Technische Hoschschule Dresden, Archiv Nr. Lh/4 November 18, 1940.
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while for the sonlic velocity &a in the selected non-dimensional
representatlion

o€ = =11 - ¢7) (%)

applies. g¢q was the amount of the velocity, thus Vel & ;2.

In setting up the characteristic differentlal equations ons starts
best from (l), gince the derivation then is somewhat faclilltated. ILater
on, it 1is true, interest wlll be concentrated on the stream
lines ¥ = comst., not on the potentisl lines ¢ = comnst; however, for
potential flows the quantities ¢ or V enter only into the last
characteristic differential equatlons whereas those treated first are
completely free of @ or ¥ and contain, aside from the independent
variables, only u and v. u and v are more simply expressed by ¢
then by V.

The characteristic condition (of. chapber II, equation (8), NACA
™ 1242) is

(l-.‘%)ie+2uv'zi-+<l-3§)i2=o (5)
a a

If one now introduces the angle 3§ of the streasm line and the symmetry
axis (z-axis) of the flow, one obtains
u=gq cosd v=gqs8in?d (6)

Due to the rotational symustry, ¥ may be assumed between O and k/2,
if reverse flows are excluded.

Then the characteristic condltlon turms into

(82 - q2cos29)12 + 2¢2sin § cos 9zt + (82 - g2einf8)22 = O (7)
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Two roots A' and A'' result from this relatlon for %, the slope

of the characteristic base curves with respect to the z-axis:

v _ q2sin 9 cos § + a\/q? - a2 (8a)

Moo= I > 8
gcosd - &

. q®sin § cos 9 - anE - a2 . (8b)
qcosy - &2

As differential equation for the first family of characteristic base
curves there results

dv - A' dz

]
o

(92a)
for the second family

v - A"t dz =0 (1)
(see chapter IT, equations (28a), (29a), NACA TM 1242).

For interpretation of these relations (9a) and (9b) - rather
complicated due to the form of A' and A'' - it is best to start from .
the equivalent statement (7). For the latter one may write

q2(cos28 2 - 2 sin 9 cos § ir + sin2d z2) = a2 (12 + £2)

or, with Introduction of differentials,

(cos 9 dv - sin 9 d.z)2 a ﬁ (10)
d.v2 + dz2 T 42
. q

Then there is on the left side the square of the vector product of the

which are -

dz
unit vectors (cos 3, sind) and av , d ,
Var? + a2 Var® + az2
tangent to the stream line or the characteristic base curve, respectively.
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If one denotes the angle between stream line and characterlstic base
curve by a, (10) therefore states that

2
pincq = & (11)
q2
This, however, 1s nothing else but the well-known Mach relation: a 1is
the Mach angle betwsen stream llnes and Mach waves which are accordingly

recognlized as being ldentical wlth the characteristic base curves.

Hence the interpretation of the equations (9a) and (9b) results
directly. The positive 2z dlrection is asgsumed to be 1n the direction
of the mean £low. Noting the signs of the roots in the expressions
for A' and A'' one then finds that the first family of characteristic

base curves (9a) forms with the stream lines the Mach angle a = arcsin g

to the left, looklng in flow direction; the second famlly of character-
istic base curves forms the same angle to the right.

5 70

The first family of characteristic base curves in our specification may
be designated as left-hand Mach waves, the second famlly as richt-hand
Mach waves. The second characteristic equation of the Ffirst family of
characteristics in the form (chapter IT, 28 b, NACA TM 12L42) reads in our
cage!

<1'-.1%>x'au+<1 -_izé.)dv+§ar=o (12)

a

If one tekes into consideration that in the expression (8a) for A' the

denominator is g2cos®d - &2 = u2 - a2, there results from (12) after

multiplication by & and consideration of (6):
-<g231n 9 cos 8 + avﬁa - 8% Jcos 9 aq - eln 9q dﬁ) -

+(a2 - q?sin?ﬁ)(sin 3 dq + cos dq dﬁ) +82g gin 9 & - o
. ~ r
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or, after the multiplication of the brackets has been carried out and the
terms have been rearranged,

-{gaz - 2)8111 9 - a\Ee - 82 cos 13}6.(1 + {aecos J & aqu_2 - 82 gin *S}q_ a?d
a2q gin & - 0o
r
" If ‘one factors q from the first two terms, one obtains
q(aacos 3 + a 2 . a2 sin 13)(6.6 - -E dq_)+ 82q sin § &£ dr
or

(cos@-;-_g.__._de;a‘?'sinwa(dﬂ -_9.__‘12;1&25.(;)+51n13£i“-!'.=0 (13)

If one now presupposes that

,’ 2 2
cosﬂ+_‘1__g'isin13¥o (14)
one may divide the equation (13) by this expression and obtain
Vg2 - a2 1 dr
- = dq + ?- =0 (15)
q g2 - &2
cot 4 ———

a

Using the Mach angle, one may equate in (15)

© - o2
a

= cot a (16)
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Accordingly, one has for the second family of characterlstics

2
dﬁ+@dq_+ 1 ar _ o (17)
aq 2 _ 2 °F
cot 3@ L
a

with the presupposition
2 _ g2
cos 9 - —EL-E—E—-sin 340 (18)

What is the significance of the cases excluded by (14) and (18),
respectively? If, for instance, (18) does not apply, one obtains 4 = a.
Since the stream line forms with the z-axis the angle 4§, with the
characteristic base curve the angle a, the respectlve characteristic
base curve then becomes parallel to the z-axis; thus one has on it at
this point dr = 0, the last term in (17) would assume the indefinite
form « x 0.

One may avold these difficultles completely by using instead of
the differentiel dr in (15) and (17) the differential ds, the arc
element of the characteristic base curves. Using dz, which suggests
itself would, in contrast, only shift the difficulty elsewhere.

If in the differential equation (15) pertaining to the first family
of characteristics the factor %? is designated by R', 1t is therefore

to be equated

Rl£=s‘l
r

(19)

" Ig'

with precisely the expression S' +to be debtermined. If one denotes the
engle of the first famlly of characteristic base curves and the z-axis
by B', there is dr = sin B' ds. On the other hand, the slope of this
characteristic base curve was given by A' according to (8a),

thus ten B'= A'. Therewith dr becomes dr = — A ds; thus, since
2241
there shall be R' dr = S' ds,

gt o MR (20)
NN

.
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After a few transformations one obtains
A rR-: = = a 8in 9
a sin 9 - q_2 - 2% cos 3
212 41 = q & sinasz-;- Vg2 - &2 cos 9
q 0052"3 - a2
and flnally .
S'=8 sin 9 = sin « sin 3 (21)
q
Correspondingly
AR = - a sin §

a sin 9 + q2-a2cos~8

\}XHE_,_J_:__q_asinﬂ - Vg2 - a2 cos ®

q_ec'osam‘) - a.2

The slgns are selected so that, in agreement wlth the geometrical
derivation sbove, —2  _ _ginp" (B'*' angle of the second family

'A."2+l

of characteristic base curves with the z-axis). Therewith S'' finally
becomes

S''" = -2 gind = - sln @ 8in B (22)
q

Thus one obtains without any distinctions of cases as second
characteristic equation for the first family:

dﬁ—cota.%+sin13 sina.i:- 0] (23)

and for the second family:

fl

a9 + cot o 34 - gin ¥ sina.%% o} (24)
) q
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Only this simplification of the characteristic differential eguations
enabled us to perform the calculation of rotationally symmetric

rotential flows with tolerable calculation expenditure. To our knowledge,
no indication of the possibility of such a simplification 1s to be found
in the suggestions of other authors (Frankl, Ferrari) concerning the
calculation of rotationally symmstric potential flowsl.

2. TREATMENT OF PRACTICAL EXAMPLES

For the calculatlon of practical examples, two methods are at
disposal for the approximate solution of the characteristic differential
equation system, as was dlscussed in more detail in chapter II, 7,

NACA TM 12L42; we decided for the "field method" (chapter II, p. 16, NACA
™ 12h2, p. 16). If one progresses from already known fislds to new
ones, the equations (cf. chapter IT, formule (49), p. 23, ™™ 1242, p. 2&2)

AIXI'(?III - PI) + CzI(?III - QI) + DI(?III - yI> =0 (252)
'A'IIA-]'_‘I"<PIII - PII) + CII(Iq'III - q.II) + Dy (?III - yﬂ) =0 (25b)

are used, which result from the followlng characteristic differentilal
equations (IT, (28), (29), p. 14, ™ 1242, p. 15):

A'dp+Cdg+Ddy =0 (26a)
A'"dgp+Cdg+Ddy =0 . (261p)
with A' signifying the slope of the first famlily of characteristic base
curves, A'' signifying the slope of the second family of characterigtic

base curves; the differentlals are approximately replaced by finite
differences (and differences of second and higher order then neglected)

lAs noted afterwards, for once the arc element of the character-
ilstlc base curves has been introduced into the characteristic differ-
ential equations from a purely mathematical side: (E. Kamke's
"Differentialgleichungen reeller Funktionen," (Differential equations of
real functions), Leipzig 1930, p. 389 (9)). We reserve for a later time
looking into a possible connectlon of Kamke 's expressions of the
characteristic differential equations with ours.

2From now on, these references will be abbreviated; for this
reference, for instance, we shall write: II (49), p. 23, Td 1242, p. 24,
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as has been described in detall before (II, p. 16 £f. and p. 22 £f. etc.,
™ 1242 p. 16 £f. and p. 23 ££.) I and IT signify the numberas of the
fields with already known approximate values of p &and q whereas III
denotes the adjoining field for which these approximate values are to
be determined.

The relations (25), derived from the quite general form of a
quasilinear differential equation of the second order (II, 1(1), ». 2,
™ 1242, p. 1) are now to be given for a special use in adJjustment to
the flow type of importance.

For the rotatlonally symmetric potential flow there correspond to
the two equation (26) according to (23) and (24) the pair of equations
(second characteristic equation for the first and for the second family
of base curves)

dﬂ—cota%+sinﬁsina%=0 (27a)
[ 3
d.13+cota,%9--sinﬂsina,g‘§=o (27b)
r

in addition, the Mach relation (first characteristic equation)

sin o = & (28)
q

is used. Therein a was the local sonic velocity, q the amount of
velocity, § the angle of the stream line and the symmetry axis (z-ax %s)
o the Mach angle between stresm lines and characteristic base curves

r +the dlstance of a polnt from the z-axis.

Within the scope of our approximation principle we write for (27a)
and (27b) in analogy to (25a) and (25b) - putting for abbreviation

cot @y _ },qve - a\? - Qy | (29)

dy a4y

30f. remark on p. U
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and
sin 9, sin a, = S, (v = I, II) (30)

8 - B
‘SIII - ‘SI - Q,I<Q_III - q_I) + SI -LII'E—_:—[. =0 (31&)

(progressing along a left-hand family with the angle ¢ + « toward
the 2z axls) and

8 - 8
III " 511
Srr1 - d11 + Qo (‘1111 - ag7) - Spr =L T =0 (31p)

respectively (progressing along a right-hand family with the
angle 9 - @ toward the z -axis); syyy - sy simply signifies the

distance of the fleld cent®rs III and v <from each other.

Following the formulas required are glven; they are to be used
In commection with the schemes given by figure 1.

From the two linear equations (31) gryy (end therewith, according
to (28), also apyy) and dpyy for the unknown fleld III are easily
found. The elimination of Jdpyy from {3la) and (31b) first ylelds

BIIT - ST BITI - BIT
_919r + Qrrdrr + S Ty 4 S —Tter ¢ % - 91 .
TIT (32)
Qr + Q1T
by insertion of gy;r inmto (31a) or (31b) then results
3 = 3 - 8TIT - 871
IIr = °r + QI(‘-‘-III - ‘11) S =S (33a)
or
Sppr = Spp = Qppr = Qrp) + Spo —IIL ~ PIT (33Db)
rrr = o1z - Ox(%rr - 4x) * So e

Of the two formulas (33) one is, of course, superfluous; however, it may
be useful for control of the calculation.
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The relations (32) and (33) are applied in the standard case
(cf. fig. la), where one deals with inner fields only; if, on the other
hand, one reaches, in progressing, the fixed boundary (case of fig. 1b
and lc, respectively), where ¢ 1is prescribed by the boundary condi-
tion 45, one has, according to (31), the simpler formulas
B3I - 51
+ 8y ——=—= 4+ 9 -9
Ay = STar * Sz rI - T (case 1b)  (3ha)
Qr

and

Q Qs + S N i + A = 9 I
T I -
arTr = IIIT IT IT Ir L (case 1c) (34b)

Yz

respectively.

Corditions at the boundsry of a free Jet are quite analogous.
Only < 1is now not prescribed but, on the contrary, to be determined
whereas pressure and therewith the amount of veloclty g e known.
The solution of (3la) and (31b) with respect to 9 yields”’, for given ¢

8 - 8
dprr =91 + oy - 9) - S 1 (cmse ) (3%)
and
s -
. _ - - e o ,
Srrr = 17 Q’II<qIII qII> + Spp - (case 1¢)  (35b)
respectively

The formulas so fear refer - as will generally be the case -~ to
Progressing In flow direction. Now and then, however, (cf. our procedurse
in the second example, section &) 1t is also required to follow the flow
rearwerd and one then has the conditions sketched in figure 2.

ll’If necesgsary, one assumes the boundary approximsted by series of
straight l1ines 3 = const.

5A pecullarity here experienced in the determination of the fileld
center will be treated in detail in the discussion of our second
example .



12 NACA TM 124k

The corresponding formulas naturally follow directly from the
former ones, one only has to replace the progressing from field I to
field III by that from IIL' +to II' and, in eanalogy, the progressing
from ITI +to IITI by that from ITT' +to I'. Solution of the new

equations with respect to qpyy: &nd Sppyte results6 in

8 - 8 8 -8
T' - SrTe TT' = STIT!
. I’_QI-QIWQII:QII: -SI'—_—I‘I: -SII' - 'BIIx""BIr
II QI! + QII'
(36)
= - ~s  Sx'” frmmt
Spppy = 0 * QI'<qI' qIII') It T (372)
and
. <] 8
_ - - 11! " S1IT!
Sy = Yppe = e T Sor) * S T w (370)
respectively;
(case 2a);
8 - 8
T' - Sryre ]
Sprap - Spr T g = A L
Qrgr: = 2t ) % = Youngary
(38a)
(case 2b);
Strt - Srrr!
. Sqrvdrre 7 S T o " Ogpr + Sppry ; s
Aoy = Qry s IIT' = “boundary
(38b)
(case 2c).

agbr the free Jjot formulas for the progressing upstream were nob
required and therefore not derived.
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Furthermore, knowledge of the following two additional remarks 1is
important for the application of the formulas gbove.

l. For the rotationally symmetric flow it is sufficient to construct
for a longltudinal section the flow pattern gbove the z-axis 9 = O
(which may bs interpreted as boundasry), since the, course below this
axis 1s simply obtained by reflection on it. However, 1f one wants to
calculate this course separately - for instance for purposes of control -,
one must take into consideration that one is now dealing with a left-
hand Cartesian z-r system. This is taken into account by providing in-
the formulas the quantities =r, - in themselves, according to definition,
positive - with the negative sign.

2. If one uses in the formuwlas a field center Vv 1lying on the
symmetry axis 3§ = O, there becomes for it Sy = 0 and simultane-

-8
ously ry = O; the expression SvM then assumes an indefinite form.

In this case the significant expression is simply to be omltted, sincs

there results limo S_.o0 s, Tor the following reasons: Along the stream
r— r

line 3 =0 there is v =0 and, for reasons of symmetry, obviously

also -g% = 0. Thus one has, since v = g sin 3:

0 =99 gin 3 + q cos 9 49 ang consequently a9 O for r =0. Now
dr dr dr

one may ‘write for small values A3 and Ar: 2 - 8lnaXsinda g4, ¢ 23
r r

For transition to the limit &r—0 there results, because of % = 0,

S
also rJ;:L_mO ;: 0.

Moreover, the following has to be sald in general for practical
application of our method. It will be useful to represent, before
starting the calcuwlation proper, the values of Q &and o as functions

of q by means of the relations (4) a° = L.i(l - ¢2) and (29) for

the interval & = [K = ;-_ < q £1; of course, this has to be done for
K+

every o value separatsly. ZFor this purpose a table was set up which
indicates the Q wvalues and « values for q wsteps of 0.02; for the
intermediate values linesr interpolation which is easily performed is
sufficient. It was shown for the used k-values (K = 1.405; r = 1.18)
that for the chiefly important q domain (if q does not approach the
unit too closely) Q may be practically regarded as linear function

of g. The two tebles for g = 1.405 &and Kk = 1.18 on which the
calculation of our examples is based are added at the end (pp. 26 and 27).
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The quantity S, on the other hand, is determined from case to
case. Its calculation may be performed very simply by slide rule

according to (30), all the more so since the factor sin @ =.§ which

appears as Intermediate quantlty in the calculation required for the
setting up of the table may be taken directly from that table.

For the rest, 1t wlll be noted in using our formulas that certain
comblnations of quentitles occur repeatedly, which means a saving in
calculatlon expenditure.

Thafcalculatian and construction of the field III - which for us
is to be representative for all fields newly to be determined (cf.
fig. 1) - 1s performed as follows: first, Oy @d Ipqp are deter-

mined according to the respective formulas, with the quantities denoting
length 817y - &, and 1, to be taken from the drawing (1ts scale is

of no importence since only the quotient of those lengths enters 1nto
the calculation). The table yields the pertalning values of QryT

and ogry, and with the aid of dypy one can find Syyp. (It has to

be noted that Q@ and S in themselves are auxiliary calculation
quantities which are required only for the continuation of the proce-
dure.) There follows a geometrical process, the closing of field III
which requires knowledge of the Mach angle aypy &and of the stream

line angle dyrr- At the corner point 1 (of. fig. 1a) the
angle dyyr + arrys @t the corner point 2 the angle I - oy 18

subtended by the horizontal (|| z-axis) and the legs of both angles are
made to intersect at the desired cornmer point 3. Since thereby,
naturally, a certain momsnt of inaccuracy (aside from the errors caused
by the approximation principls) enters, the position of the cormer
point 3 was occasionally checked analytically by means of the equations
(IT (42), p. 18, ™ 1242, p. 20) ' .

—~

(ZB - Zl) X ‘ten (‘SIII + “ﬂII) l

I‘3 "I‘l
(39)

1‘3 - ro <Z3 - Z2> X tan (ﬁIH - UHI) I

J

or, solved with respect to the coordinates zg, rg:

21 X tan(*’III + “III) - Zptan ('SIiI - arpp) - T+
ten(d11r + arrT) - tan(dryr - orrg

3

» (39*)
I'3 ’

ry + (23 - Z:L)X 'bEIl(-vSIII + GJIII‘)

—’
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After thls general representation of our combined cdalculative-
graphical method we now turn to the description of the speclal examples
that have been carried out.

3. FIRST EXAMPIE: DIFFUSER

This example which we selected ourselves and which representse the
Tirst attempt of application of our method, deals with the flow of
air (¥ = 1.405) through a conical nozzle of the half opening engle 6°
according to figure 3, which shows a longitudinal section. As initlsl
condition we assumed q 1I1n this longitudinal section on a clrcular arc
(the apex of the cone is the center of the circle), to be as constant
throughout, equal 0.59, (the pertaining Mach angle is 38° 2'); ¢ results
from the fact that the stream lines must intersect this circular arc
radially. The distrlibution of the fields 1s here selected still
relatively roughly (9 step of about 4° in r direction): £ield corners
on the circular arc at § = 0 and 9 = £4°, thus field centers
at 9 =42° and 9 = +6° (boundary), as can be seen fram figure 3.
Also, the method was extended: only to the construction of a few fields
8ince no peculiarities appear.

The construction in general has already been described in detall;
supplementary information 1is needed only about the determination of the
fleld centers. For inner fields one finds the new fleld center III
(cf. fig. la) as center of the diagonal IZ of the corners 1 and 2 of the
known fields I and II. At the boundary the procedure 1s as follows
(cf. fig. 1b and,_analogously, fig. lc): +the parallel to the character-
istic base curve 12 of the field I is made to intersect with the
boundary line, and the intersection point 1s defined as field: "center”
of the half-field III.

The ratio of the prevailing pressure p to the tank pressure p,
(that is, the pressure for which the flow wvelocity equals zero) has been
rlotted into the Individual flelds. This ratio results, according to I,
2, from the respective gq &according to the equation

-
(-t (50)

Po

Furthermore, & number of stream lines are drawn; they were selected
according to the principle that in every stream tube the same mass
trensport takes place per unit tims. These streem lines are abtained by
progressing by equal smounts A&f, starting from ¥ = 0. Their position
is fixed in the ‘followlng manner.
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The point which was teken in figure 3 as starting point of the
stream line 4 = 0 18 assumed to be the origin of our z-r coordinate
system. One now searches along 2z = 0 for the r ordinate of the
points through which the stream lines must pass. For constant z one
has, if the first equation (16) of chapter I, p. 9 is written as
difference equatilon,

1
. Ay mr g cos 9(1 - qz)n-l Ar

NP Ar (41)

According to the Simpson rulel

u/‘r':rboundary

1]

XIIboundary - V¥ = P dr (42)

was numerically determined (which requires setting up of a table for a
number of r values and of the pertaining values of P) and

AV = II"bound;;y = q’o (u3)

was then found, with n slgnifying the number of stream lines to be
plotted (in the present case n = 6). Insertion of A¥ in (41) then
ylelds the n different &r by which one must progress along z = O,
starting from r = 0. It is practical to proceed from the boundery:
one introduces P(r = rboundary) into (41) and thus obtains Ajyr. Then

one determines by interpolatlion from the table the P value pertaining
t0  Tpoundery - fur end inserts it again in (41), thus obtaining Lpr.

The same procedure 1s performed for P = P(rboundaﬁg - Ar - Oor) and
yields Agr, etc. Naturally one must not expect Z;i Agr  to become now
V=

exactly equal to rboundary’ gince first, always a too large P was

used and, second, P was regarded as constant for the entire (finite)
interval Ar. Within the scope of graphical accuracy, however, 1t
rroved sufficlent to plot now r =against AY¥y, to alter the curve drawn
through the ri (1 =1, 2, . . «, n) so that it passes exactly

through r =0 for n AV = Vhoundary - Vo (insignificant correction!),
and to use the new coordination from the »r-Ay dlagrem. Besides, one
mey also, as a proof, proceed Inversely starting from r = 0O; one then
obtains too large values for Or, whereas thosse found according to the
first method were too small.

Tor course, another sultable quadrature formula could have been
selected Just as well.
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The stream lines start at the angle ¥ glven by the iInitial
condition (the slight difference between the circular arc and the
rectilinear section 2z = O could be neglected); when they reach the
field boundary, they are continued at the new inclinatlon coordinated
to the adjoining fleld and thus result in the broken lines shown in

flgure 3.
. SECOND EXAMPIE: NOZZLE

Here the flow of a gas with k = 1.18 <through a nozze of pre-
scribed longitudinel dimensions, the shape of which In longltudinal
gection is glven in figure 4, was to be determined. The nozzle is a
truncated circular cone with the wall angle 6°10'. The narrowest cross
sectlon has a dismeter of 118 millimeters, the exit cross section, one
of 178 millimeters. At the narrowest cross section the obtuse cone
starts with a slight - not further deflined - curveture. The location
of transition is marked in our drawing. The tank pressure is 14 atmos-
pheres, the pressure in the exlt cross section 1 atmosphers. The
determination of the curve resultsg necessarlly in our procedure which
conforms to a report of Th. Meyer5 and will be described in detail
below.

In the surroundings of the narrowest nozzle cross sectlon where
the flow velocity is near c¢ritical velocity, our method 1s not yet
usable in practice (and this applies to the supersonic region, also),
because the Mach angle a still differs too little from 90° and the
fields thus becoms much too narrow to allow even & tolerably rapld
progress in the construction of the flow pattern. For this reason we
apply our msthod only at a sufficlent distence from the nearrowest cross
section (naturally making our arrangements so that we need operate only
wilth the rectilinear 'bou.nd.a:r.'y); it is true that initlal conditions
for q eand 4§ for the start then must be obtained by another method.

This latter, according to Th. Meyer, consists in assuming at the
polnt of the 2z axis vhere sonic veloclty 1s passed as origin of the
coordinate system a serles development with respect to the two
coordinates z &and r <for the veloclty potential ¢. It is pre-
supposed that in the proximity of the origin the first series terms
already glve a good approximation; proof of this wlll be glven later
(cf. p. 23). The coefficilents of this development result by insertion
of the series into the differential equation for ¢ (I (21), p. 12)

8Me;_re.‘r, Th.: Uber zweldimensionale Bewegungsvorgénge in einen Gas,
das mit Uberschallgeschwindigkeit strombt. Diss. GObtingen 1907,
published - in Mittellungen iliber Forsch.- Arb. ing.-Wes. Heft 62,
Berlin 1908.
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and subsequent comparison of coefficients. However, certain coeffl-
clents remain arbitrery as long a&s no further conditions are added. The
first condltion is obviously that the flow should be symmetrical to

the z axig, that 1s, v must not contain other than odd powers of r
or ¢ other than even powers of r. AsS second condition Meyer intro-
duces the assumption (well confirmed by tests$ of a linear velocity
increase along the z axis (wlth the critical sonic velocity at the
origin). .

A priori, another method of determining the coefflclents would be
more readily apparent: .it is'the method used by G. I. Taylor. Taylor9
and with him S. G. Hookerl® who tremsferred Teylor 's method to the
three-dimensional case of & nozzle of circular cross sectlon, do not
have Meyer 's second condition dbut prescribed for their calculations a
certain nozzle with circuler-arc boundary. The boundary conditlons
then yielded the lacking qualifying equations for the coefficients.
However, 1t becomes evident that In this case the determination of the
coefficients becomes more complicated than according to Meyer's method,
quite aside from the fact that the latter method is better adapted to
our statement of the problem where the form of the boundary is not
accurately fixed. Moreover, the results of T. E. Stenton 'sll measure-
ments on the nozzle selected by Hocker confirms the usefulness of
Meyer's assumption (see above), that is, one obbtains in this manner
reasonable nozzle shapes.

I one denotes all quentities made non-dlmenslonel by a dash above
_ them and refers the velocity to the critical sonlc velocity a¥, Meyer's
second conditlon reads: .

‘ T=14+% (4k)

FTaylor, G. I.: The Flow of Alr at High Speeds past Curved
Surfaces. Aeroneutical Research Commlttee Reports and Memorande
No. 1381, London 1930.

10Ho0ker, S+ Co: The Flow of & Compressible Liquid in the Neigh-
bourhood of the Throat of a Constriction in a Circular Wind Channel.
Proc. roy. Soc. London A, Bd. 135 (1932), pp. 498-511.

Cf. also Gortler, H.: Zum Ubergang von Untershall= zu Uber-
schallgeschwindigkeiten in Diusen. Zeitech. f. angew. Math. Mech.
Bd. 19, Nr. 6, Lez. 1939.

Ustanton, T. E.: Velocity in & Wind Channel Throat. Aero-
nautlcal Research Reports and Memorenda No. 1388, London 1931.
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The stream llnes satlsfy the relation

&R
|
i

(45)

gll<h

with expressed as power Serles in E; the coefficients of which ars
to be determined according to (L5).

If one proceeds up to terms of the fourth order, the expression
for the velocity potential becomes - with the first condition teken
into consilderation :
® = ajz + agie + 02?2 + a323 + b32f2 + all_ih + buEETE + cz;f)'L + o . o5

(46)
because of the second condition one has a; =1, a = %, ag = ah = 0,

consequently (46) may be replaced by the simpler form
=74+ %22 + cpT2 + D3TES + DZoFS + cn'f-LL ... (47)

with the four unknown coefficlents c,, b3, by, ¢y . Hence results

ﬁ=§=l+2’+b3i‘2+2bu2f2+..- (48a)
and
¥ = g.gi: BcpF + 2DJEF + 2By Z8F + Loy¥3 + . . . (48p)

Tnsertion into the differential equation I (21)

1
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loads by comperison of the coeffilclents to the four equations:
kep(k - 1) (l - a*z) + {(n - 1) - (ke + l)a*e] =0 (kg.1)
(e - l){}b3 - ha*2b3 - 8a¥20é} - (r + 1) % 28%2 = 0 (49.2)

(k - l){kbu - ha*2p) - 8a*Pp; - ua*ﬁcz} - (s + 1)a*2 = 0 (49.3)

(k - 1)92by + 16cy - 16a*20h,- hcee }- ;;E-x 16c23 - (e + 1)

X (Qa*ebu + Ea*abh + 802b3)= 0 (L9.k4)

They yield for the unknown coefficients the values:

-————-——l .
A (50.2)

by o L+ 382 _ (50.3)

) h(l - a*2)2

cy = L (50.4)
v 16(1 - a*E)E

TLet the equation of the streem line up to texms of fourth order
read

f=m+ﬂ2+722+853+62)+ (51)
If one enters with (51) into (45), there follows according to (48):

2¢coF + 2'b3ZT' + ‘E'bh_ier + 1Lc)_|_':r"3

2
l+Z+b3f'2+2b)+2i"2 (5)

B+ 27Z + 307° 4 hezd =
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. If one inserts, moreover, on the right side of (52) the value
of ¥ from (51), the comparison of the coefficients ylelds the

following four relationslz:

B(1 + b3e®) = Leyad (53.1)

27(1 + b3e?) = 2z + (120, - 20)eB - B - 2ogal®  (53.2)

38(1 + b3a.2> 2b3B + 2bya - 27 - b33 - 6bzapy -(kby - 12c)) x<a32 + o27)

(53.3)
he(1 + b3a®) = 2bgy + 2byp - 36 - Bbgad - hb3<527 . )
- <12b,+ - 2hch_)<aﬁ7 + Eé?i + 9—29) (53.4)

The quantity o which indicates the T value (that is, half the
nozzle width) at the point (£ = 0) where at the nozzle center the
critical sonic veloclty e¥ prevalls, remains, as an integration con-
stant, at first arbitrary. o will then serve for the determination
of the scale which 18 used to meke 2z emnd r non-dimensional.

We may now turn to the fixing of the curvilinear boundary sectlon
near the narrowest cross section of our nozzle (cf. p. 15) which had so
far been left undetermined. This curve section must be stream line and
must pass with continuous tangent into the rectilinear sectlon with the
prescribed inclinetion of 6°10'. Furthermore it must be observed that
agreement wilith the prescribed dimensions 18 malnteined end also that
the z-interval is not exceeded (only within this z-~interval the
admissibility of our series expression may be regarded as satisfied).
By trial an o value was determined which 1s coordinated to & stream
line sultable for our purpose.

The performance of the numericel calculation yields for k = 1.18
according to (50):

b3 = 0.545 by, = 0.3705 cy = 0.0743

12At'this opportunity, a group of misprints in Meyer's report
should be pointed out. On p. 62 one must read in his corresponding
equations (always first term on the left side): in (2), 27 instead
of 7, in (3), 35 instead of 8; in (L), ke instead of ¢€; in (5),
5¢ instead of &; in (6), 6n instead of 7.
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For o we selected the value 0.5 (it should be noted that this
value must not be compared with Meyer's o« = 0.5, Meyer having made his
calculations for two-dimensional air flows with k = 1.405 » but that
1ts corresponding value in Meyer's report - with respect to the course
of the stream line - 18 probably about a = 0.2). Then (53) yields:

B = 0.03265 7 = 0.2258 8 = -0.02677 ‘¢ = 0.0651

The equatlion of the boundary section ( = stream line) reads
' therefore, according to (51):

F = 0.5 + 0.03265Z + 0.225822 - 0.02677%3 + 0.0651z% (51%)

From the condition

%% = tan 6°10' = 0.1081 = 0.03265 + 0.4516% - 0.0803122 + 0.2604%3

results for the z at the Junction (in fig. 4 marked on the boundary)
Zo = 0.1695
To this 2z, pertains, according to (51¥), the value
ro = 0.5119
e = 0.5 corresponds to the radius at the entrance of our

nozzle rg = 59 millimeters; thus we must multiply the above values of &z
and r by 325 = 118, in order to find from Meyer's quantities the true

lengths in millimeters for our example.

I? one inserts the numerical values of the coefficients in (L7)
and (48), one obtains (a* = 0.287)

5 Z o+ %22 + 0.54528° 4+ 0.370522%% + 0.07h3EH (k%)

= P =
0.287

=1+ Z + 0.54582 4 0.7410Z7° (48ax)

—= u
Y =55

¥ = 6?%87 = 1.090ZF + 0.TLI0Z°F + 0.29783 (48b*)
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With the aild of the equations (48%) one could finally, according
to the relations’

q = \u2 + v2 9 = arc ten ¥
u

calculate along the rectilinear section Z = Eb the Initial values
of g eand ¢ which were requirements for our method.

The comstruction of the flow pattern in the interlor of the nozzle
to its exlt proceeds in analogy to the comstruction of the first examplse,
described before in detall; only the subdivision of the fields was now
selected finer than in that example. Finally it should be mentioned
that, starting from 2z = 2o, we constructed the flow pattern also for
some length rearwerd and found the 'q values determined according to
our method in good agreement with the corresponding values resulbting
from the serles development.

Figure 5 shows the gas flow sfter leaving the nozzle for the case
of an extermal pressure of 1 atmosphere. Figure 5 1s the direct
continuation of figure 4 and to be considered Joined to it at the right.
Since it could be seen that the subdivision of the fields in the nozzle
interior wes no longer fine enough for the construction of the free Jet,
it was made from new initilal conditlons for g &and J. These values
were obtalned by interpolation from the course of q and +»(discon-
tinuous due to” our approximation method) along the straight
line 2z = constant at the end of the nozzle.

The behavior of the Jet depends on whether it enters, after
leaving the nozzle, a region of higher or lower pressure. In our case
the pressure at the boundary of the rozzle exit was found to be larger
than the external pressure; 1t 1s true that the pressure difference
proved to be only slight. Figure 5 indicabtes that Pa/Po = 0.085;

since p, = 1k atmospheres, there follows Py = 1.2 atmospheres. Thus

there results as difference: 1.2 atmospheres - 1 atmosphere = 0.2 atmos-
pheres. The boundary point forms the starting point of a rarefaction
wedge with the opening angle ay - a (with a; signifying the Mach

angle pertaining to the Internal pressure, agy +the Mach angle pertaining

to the external pressure) which extends into the interior of the Jet.
Here this angle was so small (an ample half degree) that we could,
within the scope of graphlcal accuracy, regard the rarefaction wedge as
practically infinitely thin and coincliding with the characterlstic base
curve starting at that "singular" point. Still, one can see clearly in
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figure 5 that the stream lines along thie curve experience «a break
exceoding the customary amount caused by the approximationl3.

Our comstruction deviates from the foregoing due to the fact that
we deal no longer with & fixed boundary but wlth a free boundary to be
determined, with the gqg pertaining according to (40) to the external
pressure prescribed as boundary condition. Flrst, the continuation of
the straight boundary line (8 = 6°10') at the singular boundary point
has to be determined, which is done in principle by formula (35a).
However, both fleld centers I and III now coincide, precilssely at
the boundary point; consequently ds becomes zero, and the third term
of the sum at right is eliminated. Since we may, as was mentioned
before, assume Q 1n the interval in question g3 + . . 4y &8 linesar
function of g, 9g may be found from 4§ = 6°10' without step-by-step
difference calculation according to (35a directly by an integration

process:
q-a
9g = 94 + Q dg (52)
43

with Q = ag + B(a, B constants which can easily be determined from
the established table (cf. p. 26)).

If one wants to proceed further along the boundary, & new principle
must be introduced for the geometrical determination of the field center
on the boundary, since the one indicated for the fixed boundary now
faills to work. ILet the field I be kmown (cf. fig. 6). Point IITI is
then fixed by elongating the line that so far formed the boundary (the
first time the dlrection is given by 3 calculated according to (52))
beyond the cormer point I and having it intersect with the parallel to
the ‘section 23. One now lets the new direction drry found by calcu-

lation from (35a) start at IIT. The boundary stream line of the free
Jet therefore undergoes the (discontinuous) variation in its direction
in the field center, in contrast to the imner streem lines where this
variatlon takes place along the field boundaries.

We had actually intended to pursue the course of the Jet until we
had exhibited the perlodicity in the expansion-contraction process.
However, having progressed (on the outside) by about the length of the
nozzle, we were forced to bresk off our procedure by an incident the

l3This deflection in itself takes place (in coﬁtinuous transition)
In the interior of the wedge and rust be constructed (subdivision

of a3 - a; Into a number of Ax-steps).
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interpretation of which shall be postponed for the moment. It was found
that two adjacent characteristics intersected (the point of intersection
is outside of the range of fig. 5; however, the two curves in question
are easlly recognized). The problem arises whether we have to deal here
only with an apparent singulerity - caused by the inaccuracy of the
approximation - or whether actuwally a compression shock occurs, although
only a weak one. The latter is probeble since we constructed the Sec-
tion of the free Jet glven by figure 5 twlce and found in both cases an
intersection of two adjacent characteristics; moreover, on the basis of
our tests made In this dlrection one cannot reJject the supposition that
the seme phenomenon wlll repeat itself at other points later.

As a conclusion it should be mentioned with regard to the second
example that the ratio p/bo ggain, as in the first example, was
written into the individual filelds (cf. p. 15) and that the 24 stream
lines have been selected according to the same principle.

Translation by
Mary L. Mehler
Netional Advisory Committee
for Asronesutics
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SONIC VELOCITY a, &,
q

AND MACE ANGIE

APPENDIX

TABLE I

a AS FURCTIONS OF THE VELOCITY AMOUNT g

NACA ™

AUXTLIARY QUANTITY OF CALCULATION Q

\{1 - (E)f
aq a 4 = o= arc sin &
q a a

0.k11 0.4128 1.000 0.000 900
43 4062 9L6 .806 71951
45 4019 .893 1.120 63°15'
A7 <3972 845 1.3544 57 37'
49 «3920 800 1.529 53%5 !
51 .3870 758 1.682 hgoy!
53 .3813 .T20 1.816 LEo2
35 3757 .683 1.946 43051
ST .3693 .648 2.061 Loo2l
.59 .3630 616 2.172 38021
61 .3562 584 2.275 35%4 !
.63 .3498 556 2.379 33%7!
.65 .3415 525 2.490 31°%40°*
67 .3338 4980 2.599 29%2
69 «3256 L4720 2.710 28°10"
el .3170 JLih66 2.824 26032¢
.73 .3076 4213 2.946 2405641
75 2977 .3969 3.080 23021
T 2870 3730 3.231 219531
79 2760 .3495 3.395 20°28*
.81 2639 .3257 3.586 1g°
.83 2510 .3023 3.799 17936
.85 2370 .2789 4.051 16912
.87 2220 2552 k.352 14948
.89 .2051 .2306 4. 7ho 13%0"
.91 .1866 2050 5.240 11950
.93 1655 .1780 5.945 10%15¢
95 .40k .1478 7 .0k 8%30*
97 .1096 .1130 9.08 6°30
«99 0638 ~06LL 15.67 3042

1.00 -0000 .0000 o 0°

1lokh
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TABIE IT
SOWIC VELIOCITY a, i, AUXTLIARY QUANTTTY OF CAICULATION Q
AND MACH ANGLE « AS FUNCTIONS OF THE VELOCITY AMOUNT 4q
. FOR Kk = 1.18
1. 28
. & 2 Q=" 4 @ = arc sin &
4 a
0.287 0.2874 1.0000 0.000 °
.30 2862 954 1.048 72030
.32 2843 .889 1.610 62°L0"
.34 .2823, 830 1.977 56951
.36 2796 7T 2.251 51°
.38 2775 730 2.462 46955 ¢
.10 2750 .688 2.640 439251
L2 2724 649 2.793 40%251
N3 2693 612 2.936 37°Lh2°*
46 2663 ST95 3.058 359281
.48 .2633 5490 3.172 33%17"
.50 2598 5195 3.288 31920
52 , +2563 4932 3.397 29933
5k 2530 L4686 3.491 279561
56 245 Jitho 3.608 260211
.58 2445 4218 3.710 24057
+60 2400 1000 3.819 23034t
62 2354 3800 3.931 220201
6L 2304 «3602 k,050 20121
66 2254 <3417 k.168 19958
68 2200 .3236 %.300 189531
.70 L2142 .3061 4.7 17950
72 .2081 2891 L.601 16°49t
<Th 2017 2722 k770 159481
JT6 1949 2563 L.961 14952
.78 1877 2406 5.17 13955
.80 1800 2250 5.41 13°
.82 L1717 2093 5.70 12951
.84 1627 .1938 6.02 11°10°
.86 1531 L1781 6.h2 10°15¢
.88 i 1425 1620 6.92 920!
i _
90 |  .1308 <1454 7456 8%2
G2 i L1176 .1278 8.43 720
Ok .1023 .1088 9.72 6°15*
.96 } L0841 .0876 11.8% 4950 1
.98 | 0597 .0609 16.7h 3%6!
L 1.00 l .0000 .0000 « 0°

27
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TABLE ITT
PRESSURE p REFERRED TO THE TANK
PRESSURE Do AS A FUNCTION OF

THE VELOCITY AMDUNT q

P/Po P/Po
1 £ =.1.405 k= 1.18
0.30 0.5388
.32 . L92k
.34 Lh6T
.36 L0204
-38 -3597
-II-O '31%
L2 0.5100 2800
Al JThl 2440
46 4382 2102
-1{8 lh'o3o 11796
50 .3686 1518
-52 ’3350 '1265
54 .3023 .1018
'56 . -2110 ‘0&9
.58 2410 0682
.60 2127 0536
62 .1859 0416
64 .1608 0316
66 <1373 «0235
.68 1161 0171
.T0 0966 0121
T2 0791, .0083
o7h .0638 0055
Y () 0502 0035
<78 0386 0021
.80 .0289 0012
82 20207 0007
84 0141 «0003
.86 005k 0002
.88 0057 «0001
<90 0032 «0000
92 0015 0000
Ok 0006 .0000
.96 0002 0000
-98 -OOOO -0000
1.00 .0000 0000
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